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ABSTRACT
In real world problems of nonlinear model building there

may be a number of inputs available for use. However, a
common problem is that we do not know which inputs are
necessary for the model. Previous methods have difficulties
in coping with dependent inputs. In this paper, we propose a
novel method of input variable selection based on indepen-
dent component analysis and higher order cross statistics.
Experimental results indicate that the method is capable of
giving reliable performance with dependent inputs to non-
linear models.

1. INTRODUCTION

To construct nonlinear models of real world data, it is often
necessary to distinguish between a number of possible in-
puts. We may have many inputs available for use yet a prob-
lem may exist in that we do not know how many or which
inputs to the model are necessary. As the input dimension-
ality increases however, serious problems can arise. Input
variable selection (IVS) is aimed at determining which in-
put variables are required for a model.

We may differentiate between model-free and model-
based methods [1]. In classical time series literature, a well
known model-based test for IVS is the global F-test. Given
a linear regression model

(1)

where is an parameter vector and
is an input regression vector, the aim is to test the
inputs to determine whether they improve prediction
of the desired output In practice, the global F-test is im-
plemented by means of analysis of variance (ANOVA).

More recently, model based approaches using nonlin-
ear models such as neural networks have been proposed.
The Automatic Relevance Detection (ARD) approach pro-
posed by Neal [2] is based on Bayesian statistics. Intu-
itively, the aim of the ARD algorithm is to reduce all unnec-
essary weights in the network to zero. Another neural net-
work approach using backward elimination was proposed

by Moody and Utans [3]. In this case, input variables which
have the smallest sensitivity with respect to the network out-
put(s) are removed.

A model-free IVS method based on mutual information
was proposed by Bonnlander [1]. The idea in this case is
that the relevant inputs are found by estimating the mu-
tual information between the inputs and the desired outputs.
This approach performs significant computations in order to
make a simple binary decision about the relevance of each
input to the desired output. However, since some of the in-
puts may be dependent, for input variables, it is necessary
to test subsets of inputs.

While many methods have been proposed, typically they
all rely on some form of statistical test between the inputs
and the desired output(s). Implicit in these methods is the
assumption that the inputs observed are ‘true’ signals that
can be used in the model. Assume we have a generating
system given by

(2)

where and is some static non-
linear function, possibly including a tapped delay line at the
input. Such a model may represent a discretized set of cou-
pled nonlinear differential equations for example. Suppose
however, that we can write down this system in terms of the
individual outputs as

(3)

where is a subset of the system outputs. One ap-
proach to determine is to test the independence between

and .
In this paper, we consider a different problem, but one

which may arise readily in practice. Here we consider the
situation where we do not have access to the true outputs
from a system at all, but only to some mixture of those sig-
nals. In such cases, we would like to model the observed
signals using the available measured data, however conven-
tional statistical tests will not necessarily reveal which in-
puts are required. Instead, the dependence between mea-



sured signals will simply indicate that all input variables
may be required.

We propose that a method of input variable transforma-
tion (IVT) is required to ensure that the inputs applied to a
model are made as independent as possible for the purpose
of modelling multivariate time series. Such a method can
be obtained using the recently developed procedure known
as independent component analysis (ICA). While ICA has
been applied to transforming data in the past [4], our appli-
cation of ICA together with IVS appears to be new. In this
paper, we aim to provide an understanding of the issues in-
volved in selecting input variables and moreover, to indicate
how ICA can be effectively applied to the problem.

The paper is organized as follows. A brief overview of
ICA is given in Section 2. In Section 3 we describe the pro-
posed methodology of input variable transformation using
ICA. An example using the method is given in Section 4.
Conclusions are given in Section 5.

2. INDEPENDENT COMPONENT ANALYSIS

Independent component analysis extends the method of prin-
cipal component analysis (PCA) from decorrelating mixed
signals (using second order statistics) to unmixing non-Gaussian
signals such that they become statistically independent. In-
dependent component analysis of instantaneously mixed sig-
nals is defined as follows. A multivariate time series

is obtained from a mixture of sig-
nals defined by

(4)

where is the mixing matrix and is the vector of un-
observable inputs. We seek to find a demixing matrix ,
where the output is an estimate of . Hence we have

(5)

(6)

If (here we ignore the problem
of permutations and scaling factors) then the input signals
will be obtained without error [5]. To find such a matrix

, the assumptions made are that the sources are
statistically independent, at most one signal has a gaussian
pdf, and that the signals are stationary.

Various algorithms for ICA have been proposed in the
literature, see for example [6, 7, 8, 9, 10]. For the purposes
of this paper, we assume the user selects an algorithm which
is suited to the type of signals being separated.

3. ICA INPUT VARIABLE TRANSFORMATION

3.1. System Identification

The problem we consider in this case is as follows. Suppose
there exists a system described by

(7)

where is some nonlinear mapping from a vector of in-
puts to an output Now, suppose that is
unobservable. Instead, we have available a vector of mea-
surements which is a mixture of a superset
of the unobservable measurements. Hence we have

(8)

where , is a mixing matrix which
may be rectangular, but for the present we will use a square

matrix. Therefore our model is:

(9)

For input variable selection, it is normally assumed that
there exists some subset of inputs required by the model
which can be used to accurately approximate the unknown
system. In the past, there have been many input variable se-
lection methods proposed to determine which inputs to
a model are required. However for equivalent model and
system structures, since the true inputs are not , there
may not exist such a subset at all. If the true inputs are
not observable, then regardless of the variable selection tests
applied, there does not necessarily exist any set of inputs
which is the correct set, apart from the whole set of inputs.

Hence we require a method of transforming to an es-
timate of and hence a form in which we can apply an
input variable selection test. Whereas in the past only in-
put variable selection methods have been considered, in this
paper, we propose that a method of input variable transfor-
mation is also required. This ensures that the inputs applied
to a model are independent (or as close as possible) and
hence the input variable tests can proceed on each input in-
dependently. We propose that a method of finding
as required can be achieved using independent component
analysis. This may seem to be a small advance in the use
of ICA, however the issue of input variable selection is by
no means trivial. Moreover, this is the first time that we are
aware of, that ICA has been applied to IVS.

Consider a system as described in (7). The true inputs
are unobservable but instead we have available a vector of
measurements . Since instead of the model given
in (9), we seek a model

(10)

(11)

(12)



where is a demixing matrix to obtain an estimate of the
original inputs and is a sparse identity matrix which
extracts only those signals required. Determining and
hence which elements of are required in the model can
be obtained using any of the well known input variable se-
lection methods. Determining and hence the superset of
unmixed inputs to the model, can achieved using any appro-
priate ICA algorithm [11].

3.2. Prediction

In contrast to the system identification case above, where
there is a desired output available as in (7), the prediction
case can be considered. Here the desired output signal can
be generated using the one step ahead prediction of an input.
In this manner we may consider prediction models.

3.2.1. Generating Models

We assume that there exists a general nonlinear dynamic
system which generates a time series given by

(13)

where is the driving input to the system which we are
trying to predict, are the multi-
variate outputs from the system (it is possible that )
and is a subset of observed signals. In other words,
we allow for the possibility that some of the outputs are fed
back to the input of the model. We assume that the out-
puts are observable directly and are not subject to any
mixing processes.

Note that implicit in the model we assume there ex-
ists the possibility of tapped delay lines occurring in exactly
the same manner as a linear system. That is, if the input is

then the model may obtain as inputs,
.

When is some highly nonlinear dynamic system and
we cannot observe , the problem of estimating or pre-
dicting is difficult. There are a number of common
simplifications and assumptions that are typically and of-
ten implicitly, applied to prediction models. A common as-
sumption is that either does not exist, or that it plays a
minor part in determining Hence we may have a pre-
diction model given by

(14)

Hence the modelling task is to take the observed outputs and
use them in a prediction model1 given by

(15)

1It may appear that at that point all we achieve is a model of the input,
however there are at least two major approaches that we may use for -step
prediction: (i) (classical) time delayed input training [12] and (ii) iterative
prediction [13].

This form of model includes the usual linear prediction model
based on an autoregressive (AR) structure, defined as

(16)

(17)

Consideration of the generating models in this frame-
work allows us to intelligently prescribe models for the pre-
diction task. The next stage is to apply a method of input
variable selection to determine the required inputs. We con-
sider two major pertaining to this issue below.

3.2.2. Feedback Systems

Consider a feedback system of the form

(18)

where is a submodel contained in Such a model al-
lows for the coupling of feedback systems. If such a model
generates the observed data, what can be done to form ap-
propriate prediction models?

We may begin by asking how strongly these systems are
coupled. If the submodels are fully interconnected, then all
outputs are fedback as inputs to all other submodels. If the
submodels are not fully interconnected, then the system can
be written as

(19)

where This means we may use submod-
els of the form

(20)

In this situation, we need to apply a statistical test to
each to estimate the dependencies and hence the
coupling between modules in the generating system. For
nongaussian signals , an obvious approach is to use a test
based on higher order statistics.

3.2.3. Dependent Observations

The problem of input variable selection can be clearly com-
pounded by dependencies between the input variables. This
may arise due to coupling between inputs, for example, due
to coupled feedback systems or it may arise due to the ob-
served data being mixed. In the past, this problem has been
recognized (see for example [1]). The general approach has
evidently been to use an exhaustive subset selection method
to choose the best subset of input variables.

In the case where the observed data is simply a mixed
version of the ‘true’ signals, we may observe , where

(21)



where is a mixing matrix. In this case, there is clearly a
dependence between each output and so it is difficult to
accurately estimate the sets Therefore, at this
stage, we may again apply ICA demixing to obtain

(22)

where is a demixing matrix. Then the desired statistical
IVS tests may be performed on to determine the true rela-
tionship between the modules. Since the demixing may not
be perfect, it is necessary to ensure that the statistical test
can determine those signals which are clearly independent.

Hence, our model is

(23)

(24)

(25)

(26)

3.3. An ICA-HOS IVT Algorithm

In this section we propose a method of overcoming the input
variable selection problems identified previously. As shown
above, input variable selection may suffer from the problem
of dependent inputs which could be due to various reasons.
In the past, it has been assumed that because of the depen-
dencies between the inputs, the only feasible solution to de-
termine the best input subset is to use exhaustive tests. In
addition, there is a strong school of thought which dictates
that model-based testing methods give better indications of
the suitability of the input subset than model-free methods
which further adds to the computational burden and diffi-
culty of IVS.

Our approach is to apply ICA to preprocess the observed
data. This in itself is not new. However, instead of simply
filtering out the noisy data or removing artifacts on some
arbitrary basis, it is suggested that ICA be used as a pre-
processing method to obtain new input signals that are as
independent as possible. If all the ICs are completely in-
dependent then we are satisifed also. However, even we if
we can obtain groups of signals which are independent and
some signals within the groups are dependent in some sense,
then we can reduce the computational burden by only con-
sidering subsets within those groups. Thus, ICA is used as
an integral part of IVS.

The particular IVS test we propose is based on the fourth
order cross cumulants. This statistical measure can be used
to establish the independence or otherwise of two non-Gaussian
signals. The fourth order cross cumulant is defined as [14]

(27)

where are zero-mean input variables.

In practice, we find that taking a slice of the fourth or-
der cumulants is sufficient to perform the test. Hence, for
an input signal , obtained as the output from the ICA algo-
rithm, we compute the fourth order cross cumulant with the
desired output . For example, we have

(28)

The test is then

(29)

where is the test result and is chosen to suit the level
of precision required in determining the independence of
the signals. The value of is problem dependent and is
chosen according to how the level of dependence that can
be tolerated between the measured variables. In practice,
we find that it is easy to select a suitable value.

To the best of our knowledge, this test has not been pro-
posed in the literature previously. The reason for this is
likely to be the fact that it depends on the inputs to be inde-
pendent, hence without such a mechanism being available
in the past to ensure this independence, such a test would
have failed. The test provide a methods of avoiding the
expensive model-based tests for IVS that have been very
commonly used in the past, presumably as a means of over-
coming the problem of dependent inputs. Thus, it can be
observed that ICA provides a means of introducing a very
simple, yet powerful IVS test which could not be used oth-
erwise.

The proposed algorithm is summarized below.

ICA-HOS IVT Algorithm

1. Measure multivariate time series

2. Perform ICA on to obtain (26) and the estimated
mixing matrix

3. Apply the proposed HOS input variable selection test.
Hence obtain such that

(30)

where indicates a positive outcome of the IVS
test, that is, the variables are dependent, and
indicates a negative outcome of the IVS test, ie the
variables are independent. This gives the required set
of input variables.



Remarks.

1. ICA algorithms usually depend on the measured sig-
nals being non-Gaussian or at most one signal can be
Gaussian. The reason for this is that the higher or-
der statistics of Gaussian signals are zero and contain
no additional information. On the other hand, non-
Gaussian signals have non-zero higher order statistics
and this can be exploited in ICA algorithms.

2. Some ICA algorithms require only second order sta-
tistics [15]. Since it was assumed in step 2 that the
inputs are non-Gaussian, then we are able to use a
HOS test on the data. However, provided the signals
are separated into independent components in step 2,
second order statistics could also be used.

3. If we assume that the ICs obtained are all fully inde-
pendent, then it is no longer necessary to exhaustively
consider all subsets of the input signals. In
this case only statistical tests per output signal are
required which provide a substantially reduced com-
putational burden. In addition, the robustness of the
test results can also be expected to improve.

4. EXAMPLE

Here we give an example which demonstrates the ICA-HOS
input variable selection method proposed in the paper. The
example we choose is an artificial problem which neverthe-
less demonstrates the method.

Consider a set of four independent signals
which are assumed to be generated by four indepen-

dent systems, where

(31)

is a square-wave source, is a sawtooth source and is
random noise with a Weibull distribution. Apart from some
gaussian noise in one channel, the signals are nongaussian.

Now let us suppose that there is a nonlinear model ,
in which

(32)

(33)

(34)

(35)

Out of the four signals, only two are used to generate the
output of interest. We observe which is an vector of
inputs to our model. The aim of the proposed method is to

determine a transformation of which will lead to a more
accurate prediction.

Using the method proposed in this paper, we apply ICA
to the measured signals to obtain , an estimate of .
We use the fourth order cumulant test on input variables
as described in Section 4. The cross-cumulants are taken
between the input signals and desired output. High values
imply dependence and that the signal is required. In this
case, we select as the threshold value.

Applying the IVS test to the raw inputs , we find that
the fourth order cumulants values are:

(36)

It is readily apparent that the signals have varying degrees
of independence with the desired output, but it is not clear
whether the low values indicate whether those inputs are
required or not. Based on the threshold value chosen, it
is indicated that four inputs are required.

The cross-cumulant values2 obtained are

(37)

In this example, it is obvious that two signals have large val-
ues in comparison to the other two signals. The difference
between values has widened, and the proposed ICA method
correctly indicates the two signals required.

5. CONCLUSIONS

To effectively model and predict multivariate time series
data such as that generated by coupled dynamical systems, it
is important to determine the necessary inputs to the model
and remove those inputs not required. Traditional methods
of input variable selection may not deal with signals that be-
come mixed and hence dependent. Hence in this paper, we
show that the recently introduced ICA method, in conjunc-
tion with a proposed new method of input variable selection,
is ideally suited to reducing the dimensionality of the input
space and hece in the performance in prediction problems.

This test has not been proposed before due to the fact
that the inputs are often dependent. In this way, it over-
comes computationally expensive tests such as model-based
methods and in addition, reduces the overall number of tests
required from to for an input model. ICA pro-
vides a powerful approach to the problem of input variable
selection in complex model building.
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